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Abstract. In this paper we introduce a probabilistic approach to show the 
existence of initial data with arbitrarily large (K"^), H'S (R-*) and VM^- 



norms for which a Generalized Navier-Stokes system generate a global regular 
solution. More precisely, we show that from a certain family of possible large 
initial data most of them give raise to global regular solutions to a given 
Generalized Navier-Stokes system. 



1. Introduction. 
The Navier-Stokes system in R'^ can be written as, 

{Mf - Au + u • Vu + Vp = in M? x (0, oo) 
div u = 
u (a;, 0) ~ xp {x) 

where u = [u^ , u^, u^) is a vector field which represents the velocity of the fluid, and 
p is a function that represents the pressure of the fluid. In Fourier space, system 
(m can be written as. 



+ /* exp (- lel' {t - s)) f Mkji (0 {q, s) - q, s) ds. 

Jo ^ ' Jq&? 

and the divergence-free condition translates to 

(3) iiu^ (a , t) + (e, i) + 6^' (e, = 0. 

Einstein summation convention is in use, and by this we mean that we are writing 

Mfe.z (C) (g, s) V? (C - g, s) ^ M^fl (^) v^' (g, s) ii' - g, s) . 

fej = l,2,3 

It is not difficult to show that when ^ represents the Navier Stokes system, 

(4) \Mkfl{i)\<\i\. 

So, following Chemin and Gallagher in J^, we will say that equation ([2]) is a General- 
ized Navier-Stokes system if it satisfies (|H). Examples of Generalized Navier-Stokes 
systems are Montgomery-Smith's toy model for the Navier-Stokes equation (see 
[18]), and Gallagher and Paicu's examples in [13]. 

An important role in what follows is played by the pseudomeasure space 7^A4 . 
This space was defined by LeJan and Sznitman in |171 to study questions of global 
existence and uniqueness of the 3D-Navier Stokes system, and were subsequently 
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used by Cannone and Karch in [5j to study singular solutions to the Navier-Stokes 
equations. VJ^^ is defined as 

VM^ ^[veS' (R3) : V G L\^^ (R^) , = ess sup^^Ra \v (01 < 00} . 

It is not difficult to show that VJ^^ with the norm thus defined is a Banach space. 
Arnold and Sinai define related spaces in the periodic case in pL^, again to study 
global existence and uniqueness of solutions to the Navier-Stokes equations. In 
general, it can be shown that if the initial condition ■0 is small in "PA^^, then ^ 
has a global regular solution (see P,[S], [I7],[in])- By a solution to ^ we mean a 
function u (t) = {u^ (t) , (t) , (t)) , 

u : [0,T] {VM'f 

with each component being weakly continuous (i.e., each {S,,t) is continuous in 
t), and such that ^ holds. 

One fact that is appealing about the LeJan-Sznitman spaces is that they allow 
the use of elementary tools to study the behavior of nonlinear parabolic systems 
(see dJ). This is why, inspired by the work of Chemin and Gallagher ([B], [7]), 
and Chemin, Gallagher and Paicu ([S]) on the existence of families of large initial 
conditions in certain homogeneous Besov spaces for which ([Ij have global regular 
solutions, the initial motivation for writing this paper was to present a method 
for proving the existence of large initial conditions in VAi^ whose (R'^)-norm 
is also large and for which ([T]) has global regular solutions, avoiding the trick of 
going to larger spaces where small initial data-global regular solutions results hold. 
But, before we continue, let us briefly discuss the work of Chemin, Gallagher and 
Paicu. In [B], [7] and [5], the authors construct families of initial data that have 
large Besov B^^-novm in the case of periodic boundary conditions and large 
in the case of the whole space for which the Navier-Stokes equation have 
global regular solutions. The importance of the B^^^ and B^^oo norms being 
large in these examples is the fact that, since all critical spaces for the Navier- 
Stokes equations (including VM.^) are continously embedded in B^^ (T'^) and 
B^oo {^^) , this implies immediatly that there is no way to recover these results by 
means of a theorem of the type "small initial data implies global regular solution" . 

The question is then: granted the results of Chemin, Gallagher and Paicu on the 
existence of large initial data that give raise to global regular solutions, what about 
trying to show that actually in some sense, there is a plethora of such large initial 
conditions? Having this question in mind, the idea we follow in this paper goes 
along this line: we will not exhibit a family of functions for which a global regular 
solution exists, but rather we will show that with a high probability in a given set 
there are such initial conditions. In this paper, we try as possible set of initial data 
a set of functions whose Fourier transform is supported in an annulus, and which 
should be thought as a first approximation to the set of functions with bounded 
Fourier transform supported in a compact set -or with nice decaying properties at 
infinity. 

Let us be more specific and state the main theorem of this paper. In order to do 
so, we introduce some notation and a construction. Let 



HK-{(a,6,6): \^3\>K>0}, H>o = {(6,6,6): 6 > 0} , 



PROBABILISTIC METHOD AND NAVIER-STOKES 



3 



and 

Divide the set Ri^2 H T-Lk H H>o into K small disjoint congruent cubes of the form 
[hi,h2) X [h[,h'2) X [h'{,h2), each of volume 0(-^), which we shall call blocks; 
enumerate them as Hg, s = 1, 2, . . . , K, and denote the partition of Ri^2 into blocks 
by P. Now, divide each block into disjoint congruent cubes, each of volume 
O (7^) , which we shall call subblocks; enumerate them as Ws.p, p = 1,2,..., K^; 
furthermore, assume that Ws^p C Hg. Extend this partition to Ri^2 H 7^^, by 
defining 

Hs = -Hs and Ws^p = -Ws,p 
where, given a set A, the set —A is defined by 

-A = {-a eM? : a ^ A] . 
Let (r, Q, P) be a probability space, and 



''ip:r^{-i,i}, J = 1,2, 

random independent Bernoulli trials, i.e.. 



P [7 : rip (7) = 1] = ^ = [7 : r^p {l) = -l] 



Fix complex numbers ^ ^ such that 



2 

^K,s,p = (log log X)^. Now, given 7 G T, 
define the function t/i^ G (L^ (M.'^))'^ as follows. First, for j — 1, 2, define 

' (A) rlp{l)Q'K.,sJ\i? if ^^Ws,p 



(5) ^{ (C) 



(B) ^^(0 if -i^W,. 



(C) otherwise 

Recall that z represents the complex conjugate of z. Condition (B) is to ensure 
that "0 is real valued. And to ensure that the divcrgencc-free condition is satisfied, 
define -0^ (^) by 

(D) ^3(^)^_^|^^^^i(^)^^^^2(^)^ if ieR^.2^ns 

and 

(E) (^) = otherwise. 

Our main Theorem reads as follows. 

Theorem 1.1. For K large enough, 

P [7 : '07 generates a regular global solution to > 1 exp (--A') . 
Notice that by definition, for ^ G i?i,2 H Hk, the ■0^'s satisfy an estimate 
Ci(loglogif)^ < <C2(loglogif)^ J -1,2,3, Ci>0, 

and hence, it is clear that that as A' — > 00, the (R"^) , (R'^) , and PA^^-norms 

of the elements of -07 go to 00 as (log log AT)", so Theorem 1 1 . 1 1 implies the existence 
of large initial conditions in the aforementioned spaces that give raise to global 
regular solutions to system ([5]). Theorem 1 1 . 1 1 can be related to a result of Cannone 
("lemme remarquable" : Lemma 3.3.8 in [3]) which basically says that large initial 
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data in (K"^), and in particular in {^), that are highly oscillatory produce 
global regular solutions to the Navier-Stokes system: notice that a typical ■07 has 
a strongly oscillating Fourier transform (this was pointed out by the referee). 

Perhaps an important remark is in place here. The choice of the set Ri,2 and 
the way of dividing it into congruent cubic blocks and subblocks, and the choice of 
Bernoulli trials may seem quite special to the reader. However, it can be seen from 
the proof of the main result, that we can go a little further in how general we can 
make these choices. We discuss this issue briefly in the last section of this paper. 

It is time to describe the two step strategy we will follow to prove Theorem ll.il 
In Section 2, we will show that for f/; taken from a set of initial conditions if the 
nonlinear term 

(6) / Mk,i (0 (?) (e - q) d\ 

is small then ([2]), with as initial condition, has a global regular solution: this is 
the content of Section 2 (similar ideas were used in [HI [3 IB])- Observe that for the 
given V't's, in a worst case scenario, the nonlinear term is of order (log log if) ^ , 
which is very large, so it is not obvious that there are initial conditions for which 
the nonlinear term is small. Finally, in Section 3 we show that for the ip^^s as 
defined above, for most ^ G Ri,2, with high probability (jS]) is small. This method 
of proving the existence of objects with certain properties should be reminiscent of 
Erdos' probabilistic method used in combinatorics, and hence the title of this paper. 
This method is also elementary in nature: no advanced knowledge on Fourier or 
nonlinear analysis, or on functional inequalities is required. Also, and this is our 
hope, this paper is a first step towards proving a theorem stating that "generic 
initial data with finite total kinetic energy generates a global regular solution to 
the Navier-Stokes equation" . 

The techniques proposed in this paper have been used with a slightly different 
flavor (see [12] for an application of similar methods to the Navier-Stokes equation, 
and |2| and [3] for an application to the supercritical wave equation) , to show that in 
certain spaces where no small initial data- global regular solution or well-posedness 
results can be proved, for certain big subsets of the space (in a probabilistic sense) 
existence of solutions does occur. 

The author wants to express his gratitude to Professor M. Cannone for sending 
a copy of his book "Ondelettes, paraproduits et Navier-Stokes" upon request, to 
Jaime Davila and Guillermo Rodn'guez-Blanco for discussing some aspects and re- 
sults of this paper; to the referee for many valuable comments that helped improving 
the exposition, specially of the probabilistic arguments, in this paper. 

2. Small nonlinear term implies global regular solution 

As announced in the introduction, the purpose of this section is to show that 
given -0 G Xk , if the nonlinear term 

/ Mfc,7(e)V>(g)V'Me-'z) A 

is small enough, then ([2]) with initial condition -0 has a global regular solution. 

We have divided this section into four parts. In the first part we introduce 
an scheme to produce solutions to ([2]); this method is inspired by a delay device 
method used to prove existence of solutions to semilinear parabolic problems (see 
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for instance Hamilton's original proof of short time existence for the Ricci flow 
in [16j). In the second part, we present some important notation and definitions. 
Then, in the third part we prove a few computational lemmas which are very useful 
in proving the estimates in part four, where we finally reach the goal of the section 
-which is given in its title. 

2.1. An iteration scheme. To study the existence and the behavior of solutions 
to ([2|) we use the following device which is very convenient to our purposes. First 
we fix a time; T, then we fix a small step size P = jj for N very large, and define 
r„j = mpT. We can construct solutions to ([2]), by using the following scheme. 



(7) 



K = (e)exp(-|ert) + 
Jo~^^ exp ICI^ (t - s)j /^gjj,3 Mkji iO "p {q, s) iii - q, s) (fq ds, 



and we use the following convention: if t < then ii^ {£,,t) = i/j^ (^). To better 
see how this scheme can be used to find a solution to ([2|), we use the equivalent 
formulation, 



(8) 



"p t) = "p (C, Tn) exp (- lel' (t - T„)) + 

j;;"^ exp (- lel' {t ~ s)) /^^j,3 M,,i (0 (q, s) u^^ {i - q, s) d\ ds, 



t G [r„,T„+i), and we still are under the same convention: if < < then {^,t) = 
V'"' (?)• We hope it is now clear how to produce approximate solutions to ([2]) using 
dH]): once we have produced a solution to ^ on [0, t„), we use this information 
to extend the solution to [r„,T„+i). Also, this second formulation will allow us to 
have good control on u^. 

2.2. Important definitions, conventions and more notation. To make our 
writing a bit less cumbersome, let us define a number uj such that 

1 , T . . • . , , 11 1 

UJ = — T, where J is a positive integer such that < uj < — - ■ 

From now on we fix T = 3 (log log K) , so t„ = 3 (log log K) np, and let 
Define a family of good sets for n = 0, 1, 2, ... , A, 

— 

T.HeV Mkji (C) (g, t) ^ (^ - q, t) d^q\ < E,, 

for all t G [t„_i, t„) , and for all fc, j, / = 1, 2, 3 
where En — It also is worth noticing that 



Mkji (0 ^p {q,t)uj,{^~q,t) d\ 

qeH 



and hence £„ is a set of frequencies for which the nonlinear term is small (of course 
as small as En dictates). Indeed, even though the meaning of En will be disclosed 
later, let us give an idea on what to expect: we will set Eq = and then show 

cxp(c(log logK)i) 

that En < 1 holds for all n. 
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Given the good set, we define the bad set as its complement, i.e., 

Bn = Ru:,8 \ ^n- 

The reader will soon notice that Bn C Bq. The reason for this will be apparent 
from the proof of Lemma 12.41 is defined in terms of £'„, in such a way that 

if C ^ S„ then ^ ^ B^+i- 

Given a set G C RuJ,s.^ define a family of densities 5j (G) as, 

5 J (g) = / n r^, J =0,1,... J + 3. 

where n {A) represents the Lebesgue measure of A. In the case that G = Bn we 
employ the notation Sj^„ = 6j (Bn)- 

Finally, we assume that the following bounds hold up to time i = T„,Z = 1,2,3, 

(9) K{tt)\ ^ ^ if ?ei?l,2, C^Sn 

(10) KiU)\<^ if CeSn, 

(11) \u'p{^,t)\<-^ if Cei?o,^,C7^(0,0,0), 

(12) (e,t)| < ^ if e e or e e i?2,iogiogK, e ^ f?n. 

(13) l'"p(^'*)l - if ^ ^ ^o.iogiogif, 



and 



(14) 5^ / Mkji{OUpiq.t)u^pi^-q,t) d^q 



<£;„ if ^^B„ 



2.3. important computational lemmas. In this section we present a sequence of 
lemmas that are helpful to estimate the nonlinear term. From now on, hy h = O (g) 
it is meant that h < C ■ g for a constant C independent of K. 

Lemma 2.1. Let G C Ru],e,, o,nd let Sj (G) be its family of densities. Assume that 
6j < <y for all j . Then there exists a universal constant c such that 

1 1 ,o ccr^ 
■ 9 < -TTT 



l,eG\q\'\^~qr^- m 
Proof. First assume |^| < ^. By the triangular inequality, 

ie-9l>y. 

Then, 

/ AjT^d^ < 4/ ^=4^/ ^ 

JqeG \q\ \^ - q\ JqeG \q\ ^ J2'uj<\q\<2i+^uj \q\ 



(2^w)^ - - 1^1 
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where _D is a constant independent of K. From now on in this proof D will indicate 
a constant indcpcndcint of K that may change from line to line. 
If Id > I we split 

^ ^ d^q = I + II + III, 



qeG \qf \^-qf 



and then compute 

1 1 3 4 f 1 



/= / ^ ^^d^Q < — 2 / 2d^1 

geG,o<|g-€|<-l|i |g| \^-q\ Id JqeG,o<\q-i\<^ \^-q\ 



4:D 1 4D(T3 



To estimate the previous integral we took into consideration a worst case scenario: 
integral I is the largest possible if G is contained in a ball centered at the origin 
whose volume is equal to the volume of G wich is 0[auj^). Therefore if G is 

contained in such a ball, its radius would be O (^aiioj, and the result follows. 

Let s > -1 be such that 2"^ < \^\ < Then we have, 

// = 

< 

l^-4eG,cu<|«|<i|i 1^ A 
< 

Si=0 l2*u><\q\<2i+^a> |^ '^^1 



< 

AD 1 ^o3i, ,3 

< 

ADcr o OS, , ^ 4Dg- 



Notice that if s < then II = 0. Finally, 



JaGG.\a\>^M<\£-a\<2\£\ \q\ l£ - ol AeG,l|i 



4 ^3 ^ £)c7 

lQeG,\q\>^,^^<\£-g\<2\(\\qf\^-qf'^" " ygeG,m<9<5^ ^ ^ " 



and since a <1, the Lemma follows. □ 
Lemma 2.2. Assume (, is such that < |^| < then there is a constant D 

Ks 

independent of K such that 

1 1 ,3 D I 



Proof. The triangular inequality implies that \S, — q\ > bs long as |g'| > 1 and 
Id < (this of course for K large enough). Hence, 

1 1 ,3 /■ 1 ,3 ^ -D 

■d^q<4 -^d^q<D < 



i9i>i kl - 9| A<i\>i \q\ Ks 1^1 

□ 
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Lemma 2.3. Assume ^ is such that \^\ > loglogi^T, then there is a constant D 
independent of K such that 

Proof. The triangular inequality implies that |^ — (/I > whenever |$| > log log if 
and \q\ < 4. Using this we can bound, 

r 1 1 4 /■ 1 D D 

^<ki<8 M'le-gl' ICl'^<ki<8kl' - logiogi^iei 

□ 



2.4. Main estimates. We shall show how to control, inductively, each of the quan- 
tities a„ , 6„ , c„ , An , Bn and £"„ defined in Section 12.21 But before we start once 
again, to make our writing easier, we shall introduce some more terminology. Fix 
an interval of time [T„_i,r„) (recall that r„ = 3 (log log if) up), if ^ ^ S„ is such 
that 

• 1^1 < K~'s^ we call it a low-low frequency, and this set of frequencies is 
denoted by IL 

• K~"s < 1^1 < 1, we call it a high-low frequency, and use the notation hL 

• 1 ^ ICI < 2, we call it a medium frequency, and employ the notation M 

• 2 < 1^1 < log log if, we call it a low-high frequency, and employ the notation 
IH 

• ^ log log if, we call it a high-high frequency and employ the notation 
hH. 

The set of bad frequencies will be denoted by B (i.e., we drop the dependence on 
n once we have fixed an interval of time). Let us give an example on how this 
notation will be used. If we are estimating on the time interval [t„_i, r„), and we 
write /b_;^ Mkji {(,) (<?) — (?) this actually means 

and Jg is a shorthand for 




We are ready to state and prove the following. 

Proposition 2.4. Assume that bounds l^- Jj^p and Sj^n l£ f hold on [r„_i,r„), 
for all j . Then there exists a constant A independent of p, n and K such that if we 
define (here = )^ 

Bn+i = Bn + X[an + anbn + anA„+bnAn + Al + 

+ C„ + dBn ( CLn ~\~ -\- Cfi + An + Bn)] (log log if) p; 



PROBABILISTIC METHOD AND NAVIER-STOKES 



9 



a„ + A 



A s As 



+6'i?„ (a„ + 6„ 



^ri + -Bri 



1 2 1 



1 ^r? ~^ 1 ^n^n 

Ki 



log log K\'^ 



p; 



where 



b„ + X\a„+ anbn + anCn + b., + bnCn + ^ri6ri + ^jiC„ 



En + ^?i?ri (a 



An + Bn)] (log log X) (log log if) ^ p- 



En- 



+ 1 



En + A (^„ + eBn) 



+ £■« + Xn 



(log log if)'' p 



Bn 



^0X {An + Bn) +Al+Xn] (loglogif)* p 

+A2y„(l0gl0gif)^p2^ 



r'^nbn H T^nAn + Anbn + 

As As 



1 



log log -RT 



+ OBn {a 

71 



An + Bri 



log log if 



Yn 



^+Al + Xr 



-26 



Bn 



Al+Xr 



An 

id 



En + Xr 



An 

A'? 



i?„ + Xr 



< En 



+ 1 



— 

EcGP /?eC,C-9G/?,i,2 ^^'^J' (^) ^) ~ 9' 

^ e [t„,t„+i) 

then hounds ill}) . il2\} . Ji^p /lo/d on [t„,t„+i). 

Proof. Let us show how to obtain the expression for a„+i. To this end, let ^ be 
a low- low frequency (Zi). We are going to estimate on [t„,t„+i). In order to 
do this, we decompose the nonlinear term J Mkji {£,) (q) (^ — q) into sums of 
interactions between the possible different frequencies. Of course, we only take 
into account those interactions that can appear in the nonlinear term for a low-low 
frequency. For instance, interactions such as IL — M, hL — IH, or M — HH are 
precluded by the triangular inequality. Hence, by considering only the possible 
interactions, using the assumed bounds © and pHt . and recalling that if i S 
[t„,t„+i) then t — pT G [t„_i,t„), with the help of Lemmas 12.11 12.21 and [^31 we 
get (as before, in what follows D represents a generic universal constant that may 
change from line to line). 



Mkjl (0 K {q,t)ul{^-q,t) 
IL-IL 

Mk,i iOu^p {q,t)u^^{^-q,t) 
IL-hL 



<Dal 
< 2Danbn, 
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hL-hL 



<Dhi 



M-M 



D 2 
A s 



M-IH 



2D 

K fs 



L 



hL-M 



Mkjl (O^p {q,t)u^pi^-q,t) 



< 



2D 



K 



1 -^n^ni 



IH-hH 



2D 



A'hji {OuUq,t)uU^-q,t) 



hH-hH 



< 



D 



and for interactions involving frequencies in the bad set we get 



Mjki {Ou'p{q,t)u'; i^-q,t) 



Collecting all the previous estimates, we obtain the following bound for the nonlin- 
ear term, when ^ is an IL frequency. 



\jMkji iOu': iq,t)uU^-q,t)\<X 



al + a„6„ + -^Al 



Ki 



where A is a universal constant. Now, we plug this into integrate and use the 
estimate. 



l-exp(-|e|'(t-r„)) <3 



log log K\'^ 
1^ 



P, 



which holds as long as i € [t„, t„+i) and |^| < K a , to obtain the following estimate 
for ^ an frequency. 



KS KS 



+9Bn ( + An + Bn) + -\cl + -\ 

K 8 K& 



with a universal constant A. Hence by defining a„+i as the lefthandside of the 
previous inequality, it follows that (jlip holds up to time Tn+i- The expressions for 
bn and c„ can be obtained in a similar fashion. To compute the expression for &„+i, 
it must be taken into account that there are some IH frequencies ^ which satisfy 
1^1 = O (log log -fiT) , and this is the reason for the extra log log X in the expression 
for bn+i- 
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Let us also sketch how to obtain the expression for En+i- If a G Bn, then 
can bound the nonlinear term by 

I / Mkji (a) u'^p {q, t) u>p {a - q,t)\ 

< 

+Al + 6Bn {an + hn + Cn + An + S„) + I^^j^C^) 

D (A2 + X„) . 

Therefore, if a G i3„, for < G [t„,t„+i), wc obtain 

Uoi {t) = exp ^— \a\^ {t — Tn)j W{ (t„) + error term 1. 
and this error term satisfies, 

|error term 1| < D-^ {A^ + X„) (loglogii')^ p. 

\a\ 

Now notice that if q and q' belong to the same block, we have that 

\q- q'\ < {const)K~i , 
and hence, since t — t„ < 3 (log log K) * , 

exp (- \q\^ {t - T„)) = exp (- |gf [t - t„)) + O fif-^ (log log i^)^ p) . 



Let H be the block to which a belongs and fix any qn G H. Let 

m (t) = exp [quf (t - Tn)j . 
Then by our previous remark, 

u^p {a, t) = 7]H {t) uj, (a, T„) + error term 2, 

and this error term satisfies 

D 



I error term 2| < ^ 

\a\ 



Br,0 (^K-i) +AI + Xn] (loglogif)3 p. 



So for K large enough we obtain the bound, 

|error term 2| < ( + + X„ ) (log log i^)* p. 



On the other hand, if a G we can boimd the nonlinear term as follows 

/^gjj3 Mkji (a) ii^p {q, t) u^p {a - q,t) < A (^^a„6„ + A-a„A„ + ^„6„+ 
OBn (a„ + 6„ + c„ + ^„ + B„) + i„gi^gj^ c„b„ + 13^13^4 j + E„. 

Again, as in the case of a bad frequency we have 

uj, {a, t) = r]H {t) uj, (^, r„) + error term 3, tG [r„, r„+i) , 
and we can bound 



error 



term 3| < ^ (a„0 (r-^) + E„ + X„) (log log if)' p, 
\a\ ^ ^ ' 
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to obtain for K large enough the estimate 



1 



An 



lerror term 3| < ^ — + ^„ + X„ (log log if) ^ p. 
\a\ \Kr J 

For the next few lines keep in mind that |(7 — f?'] < {const)K^3 ^ and hence that 
- q) - ~ q')\ < {const)K~K 



Let 



VH,i (t) = exp \^ - qHl^ {t - r„)^ , 



with qu as previously defined. Then, from the previous estimates, taking into 
account that a and — a can be either a good or a bad frequency and that q and q' 
belong to the same block, it follows that the nonlinear term satisfies the inequality 



EffSP /aG//.C-aGi?i,2 ^^^^^ ~ 

< 

T^Hev (t) r]H,i (t) LeH,i-o,eRi.2 ^'^''^^ ^p f^"' "^"^ ^p ~ "^"^ 
where 



terms. 



terms = 

A (An + 9B, 
+9X (An + S„) 



En + Xn 



(log log K) " p+ 



A;^, + X„ (loglogif)3p+ 



-A2y„(loglogif)5p2, 



Since rjH^ilH.^ < 1 for any ii, if ^ e £„, using we obtain 



E 



Mfe,, (e)u^ {q,t)u^^{(-q,t) 



< En + other terms 



and hence by defining En+i as the righthandside of the previous inequality and 
£n+i defined as in the statement, we see that bound (fT4|) holds on [t„,t„+i), and 
also that f„ C £n+i (or which is the same, that Bn+i C Bn)- □ 

Now we use expressions given by the previous proposition to provide uniform 
bounds on An, Bn, an,bn and c„ when p ^ (or which is the same, in n), given 
some assumptions on Aq, Bq, aQ,bQ, cq and on a bound on 6j^n (the reader should 
have already noticed that Bn C Bq, and hence all is needed to obtain a uniform 
bound on Sj^n is a bound on the family of densities of Bq). 

Lemma 2.5. Assume that Aq < M (log log if) ^, Bq < M (log log if) ^ (M > 1), 

Ef) < (J < and aq = 6o = cq = 0. Then for K large enough the following 

estimates hold as long as up < 1, 



On < 



1 



bn < 



H-12M2(loglogif)^p 
1 

c„ < 



np; 



An < 2M (log log if) 
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Bn<M (log log * + 1 + (log log K) 2 (log log K) * np; 



ana 

1 / r» 5 \ ^ 

En< — (l + 12M^log\ogK)^ p) np. 

ii" 14 \ / 

Proof. We show that the estimates are true by induction. We begin by showing 
that the bound on a„ holds. The case n = is obvious. To show the inductive 
step, let us rewrite the expresion for a„+i as 



fln+l — In 



l + X{a„ + bn + 6»S„) (log log K) ^ p 



where 



Rn 



X 



Using the bounds on 0, a„, &„, c„, A„, it is easy to show that 

X{an + bn + eBn) (loglogiT)^ < 1, 

and 

Rn<—T- (log log i^) J p < —^p. 

Putting all this information together yields, 



(log log /C)* p. 



fln+l < On (1 + P) 



1 



< -^(l + pr-'(n-l)p.(l + p) + -Lp 

A 16 A 16 

< — ^ (1 + p)""^ np. 

A 16 



Let us show the bound on c„. Notice that if ^ is a high- high frequency, the 
nonlinear term can be bounded by 

1 



A 



bn + KCn + [bn + 



log log K 



[An + OBn + an) 



< 



2KT7' 



hence the real part of Up (^, t) satisfies an equation 



dt 



Re {ul (C, t)) < - Id' Re (tt^ (^, t)) + 



2KT7 



which shows that \Re (uj, (^, t)) | remains smaller than Proceeding in the same 

way for the imaginary part, the result follows. 

jL 

To show the bound on A„, recall that < M (log log -ftT) * , and hence 



Re{v}p{i,Q)) < M {\og\ogKy 



and 



7m(«;,(C,0)) <M(loglogi^)^ 



On the other hand, If ^ is a good frequency (i.e. not in the bad set), with ^ S Ri,2, 
the nonlinear term can be bounded by 

En + Xn < 



Therefore, 



f^Re {u^p it t))<-\^f Re (^ (^, t)) + ^ 
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This shows that if Re{Up{^,t)) is close to M (log log -fC) * , then it is decreasing. 
Proceeding in the same way with the imaginary part of Up {^,t), we conclude that 

<2Af(loglogif)^. 

Now we work on the bound on Notice that by the estimates we already 
have, it is easy to show that for K large, 

A [al + anbn + UnAn + bnAn + + bnCn + 
+eBn (a„ +bn+Cn+An+ S„)] 

< l + 4(loglogi^)' , 

and then we have that 

Bn+i < B„+ (l + 4M2(loglogif)5) (loglogX)^/j 

= M(loglogii')^ + (^l + 4M2(loglogii')^) (loglogii')^ (n + l)p, 

which shows the estimate. 

Bounding En (and 6„) is a bit more subtle than the previous cases, since En+i 
depends on 6„ (and 6„+i depends on En)- To bound En, first we write. 



En 



+ 1 



En 



l + X{An + 9Bn)il0gl0gK)-^ p +Qn, 



where 



Q„ = A (An + OBn) 



+eX {An + Bn 



K7 



K1' 



(log log /ST)^ p 



Al+Xn] (log log K)^p + X^Yn (log log K)^p\ 



It is not difficult to produce the estimates 



An 1 



B„ 1 



OAn < —, OBn < 



A 13 



Xn < 



4KTS 



Anbn- 



Hence, 

X{An + eBn) 

By choosing p <C 



An 



+ Xn 



< 



(2M (log log i^)' + l) . ( + Anbn ) . 



KT3 



log log K 



, it is not difficult to get 
X^Yn {\oglog K)i p^ < 



Prom this we obtain 

En+l < E, 



+ 



1 + (2M(loglogJs:)3 + 2) (log log ii:)^ p 

(2M (log log K)i + lj (2M (log log K)i^bn (log log K)i p- 
If En < bn, then we obtain the estimate 



E, 



n+l 



< b„ 



< 



1 + 12M2 (log log isT) 3 



Ki 



l + 12M2(loglogii')5 (np) l + 12M2(loglog/r)^ 



-P- 



+ 



PROBABILISTIC METHOD AND NAVIER-STOKES 



15 



and the required estimate on En follows. On the other hand, the same can be 
deduced if 5„ < £"„. Finally, one can apply a completely analogous argument to 
prove the estimate on 6„. □ 

To show that the scheme proposed converges towards a solution to the Gener- 
alized Navier-Stokes system, the reader should notice that for ^ G (0,a;)^, iip {^,t) 

remains uniformly bounded on ^0, 3 (log log if) ' ^ independent of p. In order to see 
this, define a„_j such that 

Or. 

Observe that whenever ^ e (0,aj)'^, \^ft is quite small {t G |^0, 3 (loglogif )'^ ), 
and hence, proceeding as in the proof of Proposition 12 .41 we have that if we define 



with Vn given by 



(15) \u^ {^,t)\<-^ if ^ei? 1 z = 0,1,2,..., te[r„_i,T„) 



an+i,i = an,i + ( 2^ ) (l^S log ^) " ^P^ 



A 



+eBn {an + bn + Cn + ^« + S„) + + ^C„6, 

Ks 



where A > is a constant independent of n and K, that bound ([TS]) holds with 
CLn,i replaced by an+i.i on [t„, t„+i) (compare this statement with Proposition l2.4p . 
From this, by an inductive argument, it can be shown then that 



= 0( (^)'(loglogif)^ 



Recalling the definition of a„^i our claim follows. From the techniques in [9] (see 
the section on regularity in P21): it follows that, Up{£,,t) decays faster than any 
polynomial, and that the rate of decay is independent of p. This fact, together with 
our previous observation shows that for any to > 0, the Sobolev (R'^)-norms of 
the elements of the sequence of Up (^, t) are uniformly bounded, independently of p. 
A diagonal procedure together with a compactness argument then shows that the 
scheme converges towards a solution of the Generalized Navier-Stokes system ([2]). 
Notice then that the solution thus obtained is smooth in ^0, 3 (log log if) 

since for |^| > log log if by the bounds proved for the approximate solutions 
satisfies 

suplCHu' (^,0| < ^ for t e (o, 3 (log log if) ^ 
if 16 V 

and the lefthandside can be made arbitrarily small if if is large enough, and our 
claim follows from an adaptation of the techniques employed in [9l [10] . The follow- 
ing lemma shows that the solution is becoming small in VA4 -norm, modulo a tiny 
bad set. 

Lemma 2.6. Let ^ G i?i.2 and ^ ^ Bq, let u be a solution to obtained from 

the scheme Then, for (log log if)* < t < 3 (log log if)'', the following estimate 
holds 

Id' \u' (^,t)| < 2 (log log if) ^ exp (- (log log if )^) + 

\ / if 16 
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Proof. Notice that by Lemma [2.51 En < ^t- as long as np < 1. This imphes for 
C £ \ the estimate 



lei' \u'p {i,t)\ < 2 (log log if )^ exp (- lel'i) + (l - exp (- 1^1 



as long as i < 3 (log log K) * , and the result follows. □ 
Since 



2 (loglogif)^ exp (- (loglogif)^) + ^-p -> as K 
V ^ A' 16 

we can fix e > tiny and then take K large enough so that 

2 (log log ^ exp (-(log log if) ^) + < e. 



Kts 
11 

On the other hand, by Lemma [231 i?„ < fO (log log if) •* as long as 

t < 3(loglogis:)' . 
Then, the nonlinear term can be bounded, for any ^ and any 

t€ ((log log if)^ 3 (log log if , 
and for K large enough, by a constant (independent of ^ and K) times 
(16) + 200 (loglogif)^ 6 (recall that = ct^ < -L^). 

K 12 

Now, by a similar argument as the one used in the proof of Lemma 12.61 one can 
show that for e > 0, there exists a K large enough and a 

To e ((log log if)^ 3 (log log if )^) 

such that 

\\u{To)\\^<e 

for e > tiny. Indeed, to show this it is enough to analyze the behavior of (^, ■) if 
^ S So. But such a frequency number satisfies the following differential inequality 
on ((log log if ) ^ , 3 (log log K) ^ 



ju' (e, i) < - lel' (e, t) + c (e^ + 8 (log log if ) 5 , 

with 1^1^ (^, (loglogif)^) < 10 (log log if )^. Recalling that 9 < our 

claim follows easily. Hence, by the results in 5^, for t > Tq, problem ^ admits a 
global regular solution; and by the arguments given before, the solution we found 
up to time To is smooth. Thus, we have shown, 

Theorem 2.7. Let 7 G F 6e such that the set 0/ densities of 

Bo = 

e R^,s : Enev \l,eH ^k.i (0 V-' (9) ^ - ^'^I > ^ } 
is less than . Then i/j-y generates a global regular solution of 

All that is left to show is that there exists functions taken from the set Ik for 
which the hypothesis of Theorem 12 . 71 holds . and this is the purpose of the following 
section. 
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3. Showing that there are good Initial Conditions. 
Consider the function 



* : i?a;.8 X r 



given by 



* 7) = I / E ^'^i' ^7 - l) ^7 («) '^'S 

This is clearly a measurable function. Observe that for 7 G F and ijj^i defined by 
(A)-(E) using the divergence- free condition, we can rewrite the nonlinear term as 

2 3 

E ^^ii (0 ^7 (0 = E ^-^i' (^) ^7 (^) v^^' 

fcjj — 1 k,j—l 

i.e., the original sum in the nonlinear term runs from 1 to 3, whereas after rewriting, 
by expresing -0^ (^) in terms of and ■i/'^, via (D)-(E), the new sum runs from 1 
to 2. And hence we can write, 



Notice also, that M^ji (C) satisfies an estimate 



s=l,2,...,K 



< Ck on i?, 



This is implicitly used but not explicitly stated in the following calculations. Also, 
for our probabilistic arguments, this second version of ^ is more convenient (just 
to make use of the independence of the random variables involved). We arc ready 
to show that, for ^ fixed, with high probability the nonlinear term is small. We 
warn the reader that some of the computations below are up to constants that 
are uniformly bounded, so they do not affect the order of magnitude of any of the 
quantities whose asymptotic behavior depends on K. 

Proposition 3.1. There is a constant /3 > independent of K and ^ such that for 
all ^ G Ru,8 



7 : 3 such that 



> 



(log log K) 2 




< 13 K c^p {-cK^'^) . 

Proof. Assume first that ^ is such that a each subblock of ^ — J?i,2 intersects a 
subblock of i?i^2 then it overlaps exactly with that subblock of i?i,2, i-e., 

if {^-W,,p)nWs'yj^^ then ^-Ws,p = Ws'y. 

Notice that at most O (1) subblocks of i?i_2 overlap with themselves (by h ~ O (g) 
we mean h < C ■ g where C is a constant independent of K). Indeed, let Ws,p be a 
subblock such that 



(17) 



where for a set W the notation a — W has the usual meaning, i.e., 

a — W = {a — w:w€: W} . 
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Hence, if ^ holds, for each ^' e Ws,p there is a ^" G W's.p such that ^' + ^" = ^ 
But ^" = ^' + O (-^), and hence ^' = | + O (-^), i-e., all elements of the subblock 
must be within distance from |, and clearly only O (1) subblocks satisfy this. 
Write Ws'y = f — Wg^p- We compute 



^P';i^-q)^Uq) d'q = 



Observe also that we always have 



/ ^ ' s,pf s' ,p' 



- Ws^p) n (-M^.,p) = 0, 

as the diameter of the subblocks is O (j^), and we are assuming |^| > ^K~i . 

Now, by our previous remarks, Tg^pTs' ,p' behave as a family of independent ran- 
dom variables that take the value ±1 with probability ^ (except for O (1) of them), 
so if we consider the random variable 



E 



'u,p'u',p' 



recalling that there are subblocks per block, using the fact that 0-^ ^ ^ 
(log log K) 2 , and since 

2;| > a implies that either |i?e (z)| > — or |/m(z)| > — , 

ChernofF's bound (or Hocffding's inequality, see Theorem 2 in 14 ) produces the 
estimate 



7 



qeH, 



> 



(log log if) ^ 



-5 



where /3 > is a constant independent of K. Since there are K blocks, the propo- 
sition follows. 

In the case there is no exact overlapping of subblocks (i.e. some subblocks 
intersect but not exactly overlap), the random variable to be considered is 

p,p' 

where ^ (A) represents, as before, the Lebesgue measure of the set A. As each 
subblock intersects at most 8 other subblocks, and again at most O (1) subblocks 
will intersect themselves after reflection and translation, and 



ti{Ws,pnWs',p>) = o 



1 



the previous argument applies and the proposition follows. □ 
Let us employ the notation j^* (^, 7)! > to say that there is an s such that 



> 



rj. 
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From now to the end of this paper /3 > is a constant independent of K that may 
change from hne to hne. Now, we have from the previous proposition that 



1 



Hence, from Fubini's Theorem we obtain, 
1 



dP (7) dfi (0 < exp {-cK^^) 



11 dn{^) < l3KeTq){-cK'^^) 



From the previous estimates the fohowing can be deduced. Let 



(log log j^)- 



> 



and write 



A={{i,r): |*(C,7)I> 



(loglog JiT)' 



Then P [Z^] is less than j3K^^^ exp (— cif^'^), for otherwise, by Cavalieri's principle, 
diJi (0 X dP (7) > / ^ dP (7) > exp {~cK^') , 



M {Rlo,s) 

which is a contradiction. 

Summarizing we have shown the following 



Proposition 3.2. Let 



Bo,, 



e i?.,8 : Enev \l,eH ^k.i (0 il) ^ - ?) d\\ > } 
There are constants /? > and c > independent of K , such that 



7 : — : A 



> 1 -/3Xi+*exp(-cii'2'^) 



i.e., with high probability Bqj has small density. 

By taking 6 — j^, and taking into account Theorem 12.71 the main result of this 
paper is proved. Indeed, all is left to show is that when we take S — in the 
previous proposition, then the family of densities of Z?o := ^80,1 is less than 



Taking into account that fi (i?^ 



{const)K 8 ^ this follows from the estimates 



n{Bor\ R23u:,v+^u) ^ M {Bo) 1 1 

0] = — ■ — < —7^ — —: < (const) — jr x if « < — ^, 

IJ- \R2iui,23 + ^uj} I-^[Rlj.2uj ) KiB 



when K is large enough. 
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4. On certain generalities 

From the proof it can be seen that we can take as the support of the Fourier 
transform any compact set R which is symmetric with respect to the origin (i.e. 
R — —R). On the other hand, we can take a partition of i? n %k, H ]HI>o in blocks 
and subblocks and then extend it to i? n Hk, just as we did in the case of i?i,2- 
There are restrictions on what type of sets blocks and subblocks can be: 

-Blocks must be Lebesgue measurable disjoint sets, as well as subblocks, and the 
diameter of the blocks must be of the order of K~3, 

-Subblocks must satisfy a condition akin to a finite intersection property. There 
must be a constant C independent of K such that given ^ then at most C subblocks 
W intersect with ^ — W (i.e., at most C subblocks intersect with themselves after 
reflection and translation), and also, given any subblock W and ^ G M'^, — W 
intersects at most C subblocks W' (here W ^ W). 

Having defined the partition of the compact set i?, we choose our random vari- 
ables, 

r^[-i,i]. 

This random variables should be independent and have zero mean - it is not required 
of them to be identically distributed. Again we choose complex numbers O ^ , 
- 

(log log)* , J = 1, 2, and define the initial data tp-y just as we did before. 

The conditions imposed on blocks and subblocks guarantees that the mean and 
the variance of the random variable 

E„k j p.k p.] 



are at most O ( ^^^siogK)^ \ O (^^S^) respectively. 



At this point, we can recur to Chebyshev's inequality, which gives, with the same 
notation as in proposition 13. 11 the estimate 



7 : 3 iJ such that 



> (log log K)? 



< ^ 
— K 



From here, another version Theorem 11.11 follows directly from a similar argument 
to the given above. To be more specific, it can be shown, for the case discussed in 
this section, that 

Q 

P [7 : V7 generates a regular global solution to ^] > 1 — — . 

K 

where c > is a constant independent of K. 
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